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a b s t r a c t 

In this paper, we propose a new nonlinear dictionary learning (NDL) method and apply it to image clas- 

sification. While a variety of dictionary learning algorithms have been proposed in recent years, most of 

them learn only a linear dictionary for feature learning and encoding, which cannot exploit the nonlinear 

relationship of image samples for feature extraction. Even though kernel-based dictionary learning meth- 

ods can address this limitation, they still suffer from the scalability problem. Unlike existing dictionary 

learning methods, our NDL employs a feed-forward neural network to seek hierarchical feature projection 

matrices and dictionary simultaneously, so that the nonlinear structure of samples can be well exploited 

for feature learning and encoding. To better exploit the discriminative information, we extend the NDL 

into supervised NDL (SNDL) by learning a class-specific dictionary with the labels of training samples. 

Experimental results on four image datasets show the effectiveness of the proposed methods. 

© 2017 Elsevier Ltd. All rights reserved. 
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1. Introduction 

In recent years, sparse representation has been widely studied

in signal processing and machine learning [1,2] , and it has also

been successfully applied to various computer vision applications

such as image denoising [3] , face recognition [4–7] , facial analysis

[8–11] , image classification [12–15] , and visual tracking [16] . The

basic assumption of sparse representation is that one signal can

be well approximated by a linear combination of a small num-

ber of atoms (or basis) from an over-complete dictionary. Gener-

ally, the dictionary plays an important role in sparse modeling, and

its quality can heavily affect the performance of sparse representa-

tion [17] . Therefore, dictionary learning is a basic element to sparse

representation. Instead of using a predefined dictionary (e.g., vari-

ous wavelets), recent advances in dictionary learning have shown

that learning a desirable dictionary from the training data itself can

usually yield good results for numerous image and video analysis

tasks [3,12,13,18–24] . 

There have been a number of dictionary learning methods pro-

posed in recent years [2,19–21,25] . These dictionary learning meth-

ods can be roughly divided into two categories: unsupervised and

supervised . Unsupervised dictionary learning methods aim to learn

an over-complete dictionary by minimizing the reconstruction er-

ror of a set of signals with sparsity constraints [13,20,26] , which

have shown good performance in some visual reconstruction and

clustering tasks [3,22] (e.g., image denoising, image restoration,
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E-mail addresses: jhu007@e.ntu.edu.sg (J. Hu), eyptan@ntu.edu.sg (Y.-P. Tan). 

n  

f  

s  

http://dx.doi.org/10.1016/j.patcog.2017.02.009 

0031-3203/© 2017 Elsevier Ltd. All rights reserved. 
nd video clustering). For the second category, supervised dictio-

ary learning methods usually learn a compact and discriminative

ictionary by exploiting the label or side information of the train-

ng data, which complements a discriminative term to the recon-

truction error and optimizes the objective functions for different

ettings [18,19,21,27–30] . Methods in this category are usually ap-

lied to various visual recognition tasks [13,25,31] . To promote the

iscriminative capacity of the learned dictionary, there are several

trategies that can be used for this discriminative term such as

ntroducing a classifier on sparse coefficients [19,21,27] , learning

 structured dictionary using the incoherence constraint between

lass-specific dictionaries [22,32] and the Fisher discrimination cri-

erion [23] on sparse coefficients. Generally, the dictionary learned

y supervised methods can achieve good performance for many vi-

ual applications [21,31] . 

Most existing dictionary learning algorithms, however, usually

earn a linear dictionary for feature learning and encoding in the

riginal space such that they cannot capture the nonlinear struc-

ure of data points. To address this nonlinearity problem, the ker-

el trick is often adopted to map the data points into a high-

imensional space and then learn a dictionary in this transformed

pace using existing dictionary learning approaches [25,33] . How-

ver, the kernel-based methods cannot explicitly obtain the non-

inear mapping function and often suffer from the scalability prob-

em. Different from these methods, in this paper, we propose a

onlinear dictionary learning (NDL) method to seek hierarchical

onlinear projection matrices and dictionary simultaneously via a

eed-forward neural network, so that the nonlinear structure of

amples can be well exploited. To better exploit the discriminative

http://dx.doi.org/10.1016/j.patcog.2017.02.009
http://www.ScienceDirect.com
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mailto:jhu007@e.ntu.edu.sg
mailto:eyptan@ntu.edu.sg
http://dx.doi.org/10.1016/j.patcog.2017.02.009


J. Hu, Y.-P. Tan / Pattern Recognition 75 (2018) 282–291 283 

Fig. 1. A toy example illustrates how NDL captures the nonlinearity of data points. 

In the original space, ̂  x (blue point) is the linear approximation of the data point x 

(green) over three atoms d 1 , d 2 and d 3 of a dictionary (red points), and it is not on 

the manifold M . The NDL method maps both the x and atoms to a new space via 

a feed-forward neural network and then computes the linear combination on this 

transformed space so that the representation ̂  x of the x is on the manifold M . (For 

interpretation of the references to color in this figure legend, the reader is referred 

to the web version of this article.) 
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nformation, we extend the NDL into supervised NDL (SNDL) by

earning a class-specific dictionary with the label of training sam-

les. Fig. 1 shows a toy example illustrating how the proposed NDL

aptures the nonlinearity of data points. 

. Related work 

.1. Deep learning 

Deep learning has been a popular research topic in the commu-

ities of machine learning and computer vision due to its excel-

ent performance in various visual tasks such as face recognition

34–42] , image classification [43,44] , action recognition [45] and

isual tracking [46] . A variety of deep learning methods have been

roposed to directly learn rich hierarchical feature representations

rom raw data [47] . Representative deep learning models are deep

elief networks [48] , deep convolutional neural networks (CNN)

44] , deep stacked auto-encoder [45] , and deep metric network (or

iamese network) [49–53] . However, to our best knowledge, little

ttempt has been made on coordinating deep learning and dictio-

ary leaning to utilize the merits of deep learning. In this work, we

ntroduce a nonlinear dictionary learning approach to learn several

ierarchical nonlinear transformations and the desired dictionary

imultaneously by integrating deep learning and dictionary leaning

nto a unified framework. 

.2. Dictionary learning 

Learning a desired dictionary from the training data for sparse

epresentation has attracted considerable attention in the field of

omputer vision [2,21] , and many advanced dictionary learning al-

orithms have been proposed in recent years. The K-SVD method

26] is a representative unsupervised dictionary learning approach,

hich learns an over-complete dictionary from natural images in

n iterative fashion. Based on K-SVD, a discriminative term is usu-

lly added to the reconstruction error to obtain discriminative dic-

ionaries [19,21,23,54–56] . For example, Mairal et al. [21,27] pro-

osed to learn a shared dictionary for all classes and discrimina-

ive class models on sparse coefficients simultaneously. Jiang et al.

19] introduced the label consistent K-SVD algorithm to balance re-

onstructive and discriminative power of the learned dictionary. To
apture the nonlinearity of data, kernel-based dictionary learning

pproaches [25,33] employ kernel trick to first map the data from

he original space into another space and then utilize well-known

ictionary learning methods in this space. More recently, deep

parse coding (DeepSC) [57] extends sparse coding to a multi-layer

rchitecture, where it employed an approach called dimensionality

eduction by learning an invariant mapping (DrLIM) [49] to learn

 parametric mapping in the siamese network. Different from the

eepSC and hierarchical sparse coding [58] methods which treat

he output of sparse coding as the input of the next layer, our NDL

ethod employs a feedforward neural network to learn a nonlin-

ar mapping and dictionary simultaneously, so that the nonlinear

tructure of data points can be well exploited. 

. Nonlinear dictionary learning 

We briefly introduce some background of the dictionary learn-

ng methods, and then focus on formulating nonlinear dictionary

earning method in an unsupervised manner. 

.1. Background 

Let D = [ d 1 , d 2 , · · · , d K ] ∈ R 

r×K be a dictionary that contains K

toms. In the classical sparse coding task, a signal x ∈ R 

r can be

parsely represented by a linear combination of a few atoms from

he dictionary D as: 

 ≈ D a = a 1 d 1 + a 2 d 2 + · · · + a K d K , (1) 

here a = [ a 1 , a 2 , · · · , a K ] 
T ∈ R 

K is a sparse coefficient vector. The

parse coding with a � 1 regularization problem is usually solved to

btain an optimal sparse solution a : 

in 

a 
‖ x − D a ‖ 

2 
2 + λ1 ‖ a ‖ 1 , (2) 

here ‖ x ‖ 2 and ‖ x ‖ 1 denote � 2 and � 1 norms of vector x respec-

ively, and λ1 is a positive regularization parameter. The first term

n (2) is the reconstruction error, and the second term is the spar-

ity penalty. 

To learn a dictionary from the training set of N samples

 = [ x 1 , x 2 , · · · , x N ] ∈ R 

r×N , dictionary learning (DL) algorithms

20,21] simply minimize the following empirical cost function over

oth a dictionary D and a sparse matrix A = [ a 1 , a 2 , · · · , a N ] ∈ R 

K×N 

s: 

in 

D , A 

1 

N 

N ∑ 

i =1 

(
‖ x i − D a i ‖ 

2 
2 + λ1 ‖ a i ‖ 1 

)
s . t . ‖ d i ‖ 

2 
2 ≤ 1 , ∀ i = 1 , 2 , · · · , K, (3) 

here vector a i is the i th column of A and the sparse coefficient

f sample x i over D . The constraint {‖ d i ‖ 2 2 
≤ 1 } K 

i =1 
aims to prevent

 from being arbitrarily large because it would cause very small

alues of the A . The problem (3) can be solved by several works

uch as the feature-sign search algorithm [20] and gradient descent

ethod. 

.2. Nonlinear dictionary learning 

Unlike most existing dictionary learning methods which only

earn a linear dictionary, our NDL employs a feed-forward neural

etwork to exploit the nonlinearity of samples for dictionary learn-

ng. Fig. 2 illustrates the basic idea of the proposed NDL method. 

Consider a feed-forward neural network with 2 M +1 layers,

hich includes two parts: encoding and decoding, and there

re r ( m ) neurons in layer m , holding r (2 M−m ) = r (m ) for all m =
 , 1 , · · · , 2 M. The representation h 

( m ) of an input x ∈ R 

r (0) 
in the

ayer m ( m ≥ 1) is represented as: 

 

(m ) = ϕ(z (m ) ) ∈ R 

r (m ) 

, (4) 
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Fig. 2. The basic idea of our NDL method. Considering a feedforward neural network with 2 M + 1 layers, h (0) = x is the input to this network, h ( m ) is the output of the layer 

m , and W 

( m ) and b ( m ) are the parameters of the network to be learned, 1 ≤ m ≤ 2 M . In encoding part, the resulting output is h ( M ) , and we perform dictionary learning on 

the layer M by using some optimization criterions. In decoding part, the final output is ̂  x = h (2 M) , which is the reconstruction of the input x . Finally, the back-propagation 

algorithm is used to update the parameters of the network. 
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z (m ) = W 

(m ) h 

(m −1) + b 

(m ) , (5)

where W 

(m ) ∈ R 

r (m ) ×r (m −1) 
and b 

(m ) ∈ R 

r (m ) 
are weight matrix and

bias vector of this layer; and ϕ : R 	→ R is a nonlinear activation

function (e.g., tanh and sigmoid); and h 

(0) = x denotes the origi-

nal input. In the encoding part, the resulting representation of x at

the layer M is denoted as f M 

(x ) = h 

(M) ∈ R 

r (M) 
, where the mapping

f M 

: R 

r (0) 	→ R 

r (M) 
is a parametric nonlinear function determined

by { W 

(m ) , b 

(m ) } M 

m =1 . In the decoding part, the final output of x at

the layer 2 M is given as ̂  x = f 2 M 

(x ) = h 

(2 M) ∈ R 

r (2 M) 
, which is the

reconstruction of the x , where f 2 M 

: R 

r (0) 	→ R 

r (2 M) 
is a nonlinear

mapping parametrized by { W 

(m ) , b 

(m ) } 2 M 

m =1 . 

Considering the mapping f M 

, we cast the nonlinear dictionary

learning problem on the manifold M as the conventional dictio-

nary learning problem in the transformed space (i.e., layer M ). In

addition, to avoid producing meaningless results (e.g., uniform out-

put) and preserve some structures of the original data, it is desired

that the output ̂ x = f 2 M 

(x ) at the layer 2 M should be the recon-

struction of the original input x . Based on these two points, the

nonlinear dictionary learning (NDL) is formulated as the following

optimization problem: 

min 

f M , f 2 M , D , A 
J = J 1 + λ2 J 2 + λ3 J 3 

= 

1 

N 

N ∑ 

i =1 

(
‖ f M 

(x i ) − D a i ‖ 

2 
2 + λ1 ‖ a i ‖ 1 

)

+ λ2 
1 

N 

N ∑ 

i =1 

‖ f 2 M 

(x i ) − x i ‖ 

2 
2 

+ λ3 

2 M ∑ 

m =1 

(‖ W 

(m ) ‖ 

2 
F + ‖ b 

(m ) ‖ 

2 
2 

)
s . t . ‖ d i ‖ 

2 
2 ≤ 1 , ∀ i = 1 , 2 , · · · , K, (6)

where D = [ d 1 , d 2 , · · · , d K ] ∈ R 

r (M) ×K is the dictionary learned in

the layer M ; a i is the sparse vector corresponding to the sam-

ple f M 

( x i ) and A = [ a 1 , a 2 , · · · , a N ] ∈ R 

K×N is the matrix form of all

{ a i } N i =1 
; and ‖ X ‖ F represents the Frobenius norm of the matrix X . 

In (6) , J 1 is the conventional dictionary learning algorithm in

the layer M , J 2 is an autoencoder term which minimizes the re-

construction error between f 2 M 

( x i ) and x i , where λ2 > 0 balances

the importance of the term J 2 to the objective function J , the

term J 3 is a regularization term to decrease the magnitude of the

weights and help prevent overfitting in model training, and λ is
3 
 positive regularization parameter to control the relative impor-

ance of this term to the objective function. 

.3. Optimization 

The optimization problem in (6) is not jointly convex with re-

pect to the mappings f M 

, f 2 M 

, dictionary D and sparse matrix A ,

nd it is non-trivial to obtain a global optimal solution. To solve

his, we use an iterative method which alternately optimizes the

 M 

, f 2 M 

, D and A . 

tage 1 (Nonlinear Mapping): Optimize f M 

, f 2 M 

with the fixed D and

 . The problem (6) can be rewritten as following optimization

hen both D and A are fixed: 

min 

f M , f 2 M 
J = 

1 

N 

N ∑ 

i =1 

‖ f M 

(x i ) − D a i ‖ 

2 
2 + C 1 

+ λ2 
1 

N 

N ∑ 

i =1 

‖ f 2 M 

(x i ) − x i ‖ 

2 
2 

+ λ3 

2 M ∑ 

m =1 

(‖ W 

(m ) ‖ 

2 
F + ‖ b 

(m ) ‖ 

2 
2 

)
, (7)

here C 1 is a constant. 

The back-propagation algorithm is employed in conjunction

ith batch gradient descent method to update the parameters

 W 

(m ) , b 

(m ) } 2 M 

m =1 
. The partial derivatives of the J regarding the

 

( m ) and b 

( m ) are given as: 

∂J 

∂W 

(m ) 
= u [ M − m ] 

2 

N 

N ∑ 

i =1 

�(m ) 
M,i 

h 

(m −1) 
i 

T 

+ λ2 
2 

N 

N ∑ 

i =1 

�(m ) 
2 M,i 

h 

(m −1) 
i 

T + 2 λ3 W 

(m ) , (8)

∂J 

∂b 

(m ) 
= u [ M − m ] 

2 

N 

N ∑ 

i =1 

�(m ) 
M,i 

+ λ2 
2 

N 

N ∑ 

i =1 

�(m ) 
2 M,i 

+ 2 λ3 b 

(m ) , (9)

here the �(m ) 
M,i 

is computed by: 

(M) 
M,i 

= ( f M 

(x i ) − D a i ) � ϕ 

′ (z (M) 
i 

) , (10)

(m ) 
M,i 

= 

(
W 

(m +1) T �(m +1) 
M,i 

)
� ϕ 

′ (z (m ) 
i 

)
, (11)
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s  
or layer m = 1 , 2 , · · · , M − 1 , and �(m ) 
2 M,i 

is given by: 

(2 M) 
2 M,i 

= ( f 2 M 

(x i ) − x i ) � ϕ 

′ (z (2 M) 
i 

)
, (12) 

(m ) 
2 M,i 

= 

(
W 

(m +1) T �(m +1) 
2 M,i 

)
� ϕ 

′ (z (m ) 
i 

)
, (13) 

or the layer m = 1 , 2 , · · · , 2 M − 1 ; and the operation � denotes

he element-wise multiplication. The u [ M − m ] is the unit step

unction of discrete variable m , and it holds that u [ M − m ] = 1 for

 ≤ M , u [ M − m ] = 0 otherwise. 

Then, the W 

( m ) and b 

( m ) can be updated by 

 

(m ) = W 

(m ) − β1 
∂J 

∂W 

(m ) 
, (14) 

 

(m ) = b 

(m ) − β1 
∂J 

∂b 

(m ) 
, (15) 

nd β1 is the learning rate controlling the convergence speed of

he objective function J . 

tage 2 (Dictionary Update): Update D using the learned f M 

and A .

hen we fix the f M 

and A , the optimization problem in (6) over D

s convex and it can be rewritten as: 

in 

D 
J = 

1 

N 

N ∑ 

i =1 

‖ f M 

(x i ) − D a i ‖ 

2 
2 + C 2 

s . t . ‖ d i ‖ 

2 
2 ≤ 1 , ∀ i = 1 , 2 , · · · , K, (16) 

here C 2 is a constant. This is a least squares problem with

uadratic constraints, and it can be efficiently solved by Lagrange

ultiplier method as used in [20] . We first construct the La-

rangian as follows: 

 (D , μ) = 

1 

N 

N ∑ 

i =1 

‖ f M 

(x i ) − D a i ‖ 

2 
2 + 

K ∑ 

i =1 

μi 

(‖ d i ‖ 

2 
2 − 1 

)
, (17)

here the μ = [ μ1 , μ2 , · · · , μK ] 
T are Lagrange multipliers and

ach μi ≥ 0. 

Let ∂ L (D , μ) /∂D = 0 , we can compute the analytical solution

s: 

 = f M 

(X ) A 

T (AA 

T + �) −1 , (18) 

here f M 

(X ) = [ f M 

(x 1 ) , · · · , f M 

(x N ) ] ∈ R 

r (M) ×N and diagonal ma-

rix � = N diag ( μ) ∈ R 

K×K . Hence, the corresponding Lagrange

ual function is: 

 dual ( μ) = min 

D 
L (D , μ) 

= 

1 

N 

N ∑ 

i =1 

‖ f M 

(x i ) − f M 

(X ) A 

T (AA 

T + �) −1 a i ‖ 

2 
2 

+ 

K ∑ 

i =1 

μi 

(‖ f M 

(X ) A 

T (AA 

T + �) −1 e i ‖ 

2 
2 − 1 

)
, (19) 

here e i ∈ R 

K is the i -th unit vector. This dual problem (19) can

e solved by maximizing the Lagrange dual function L dual ( μ) over

he variables { μi ≥ 0 } K 
i =1 

using the gradient descent method. The

radient of the L dual ( μ) with regard to the μi is calculated as: 

∂L dual ( μ) 

∂μi 

= ‖ f M 

(X ) A 

T (AA 

T + �) −1 e i ‖ 

2 
2 − 1 . (20) 

ubstituting the optimal μ (or �) into (18) , we easily obtain the

earned dictionary D . 
tage 3 (Sparse Coding): Obtain A with the learned f M 

and D . Fixing

 M 

and D , the optimization problem (6) with respect to each a i is

lso convex, and it can be expressed as: 

in 

a i 
J = ‖ f M 

(x i ) − D a i ‖ 

2 
2 + λ1 ‖ a i ‖ 1 + C 3 , (21) 

here C 3 is a constant. This is a � 1 -regularized least squares prob-

em, which is non-smooth because of involving the � 1 norm term.

o address this non-smooth problem, the epsilon - � 1 norm is

dopted to replace � 1 norm following [20,59,60] . The epsilon - � 1 
orm of a vector x is 

∑ 

i (x 2 
i 

+ ε) 
1 
2 , where ε is a small positive con-

tant (e.g., 10 −6 ). If ε → 0, then 

∑ 

i (x 2 
i 

+ ε) 
1 
2 ( epsilon - � 1 norm)

educes to ‖ x ‖ 1 = 

∑ 

i | x i | ( � 1 norm). 

Then, the derivative of the problem (21) over a i can be calcu-

ated as: 

∂J 

∂a i 
= −2 D 

T ( f M 

(x i ) − D a i ) + λ1 �1 a i , (22) 

here �1 ∈ R 

K×K is a diagonal matrix with its diagonal entries

j j = (a 2 
i j 

+ ε) −
1 
2 , j = 1 , 2 , · · · , K. By setting the ∂J / ∂a i as 0, we

an obtain the analytical solution: 

 i = 

(
D 

T D + 

λ1 

2 

�1 

)−1 

D 

T f M 

(x i ) . (23) 

n practice, if a matrix X is singular, we use the X + ε I to com-

ute its inverse, in which ε is a small positive constant and I is an

dentity matrix. 

As �1 is dependent on a i in (23) , we can obtain a i using the

terative method by alternatively optimizing a i and �1 . In practice,

e initialize a i as (D 

T D + λ1 I ) 
−1 D 

T f M 

(x i ) , which is the solution of

he optimization problem: 

in 

a i 
‖ f M 

(x i ) − D a i ‖ 

2 
2 + λ1 ‖ a i ‖ 

2 
2 , (24) 

here I ∈ R 

K×K is an identity matrix. 

We repeat the above three stages until the algorithm satisfies a

ertain convergence condition. Algorithm 1 summarizes the opti-

ization procedure of the NDL method. 

. Supervised nonlinear dictionary learning 

The NDL is an unsupervised learning approach, which doesn’t

tilize any label information of training samples. Generally, learn-

ng a discriminative dictionary by exploiting label information of

amples can help improve the performance of various visual recog-

ition tasks [19,27,55] . To this end, we propose a supervised non-

inear dictionary learning (SNDL) method to learn a class-specific

ictionary for each class with the incoherence constraint. 

Given a set samples X = [ X 1 , X 2 , · · · , X C ] from C classes, where

 c = [ x c 
1 
, x c 

2 
, · · · , x c 

N c 
] is a collection of N c samples from the c -th

lass, c ∈ {1, 2,…, C }, the optimization problem of the SNDL can be

ormulated as: 

min 

f M , f 2 M , { D c , A c } C c=1 

J 

= 

C ∑ 

c=1 

{
1 

N c 

N c ∑ 

i =1 

(‖ f M 

(x 

c 
i ) − D c a c i ‖ 

2 
2 + λ1 ‖ a c i ‖ 1 

)
+ λ4 

C ∑ 

j=1 , j � = c 
‖ D 

T 
c D j ‖ 

2 
F 

}

+ λ2 

C ∑ 

c=1 

1 

N c 

N c ∑ 

i =1 

‖ f 2 M 

(x 

c 
i ) − x 

c 
i ‖ 

2 
2 + λ3 

M ∑ 

m =1 

(‖ W 

(m ) ‖ 

2 
F + ‖ b 

(m ) ‖ 

2 
2 

)
 . t . ‖ d 

c ‖ 

2 
2 ≤ 1 , ∀ 1 ≤ c ≤ C, 1 ≤ i ≤ K c , (25)
i 
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Algorithm 1: NDL. 

Input : Training data: X = [ x 1 , x 2 , · · · , x N ] ; Parameters: 2 M (number of layers 

of network), { r (m ) } 2 M m =0 (number of neurons), K (size of the dictionary), 

λ1 , λ2 , λ3 , β1 (learning rate), and ε = 10 −5 (convergence error). 

Output : Dictionary D , weights { W 

(m ) } 2 M m =1 , and biases { b (m ) } 2 M m =1 . 

Initialization: Set b (m ) = 0 and randomly initialize W 

(m ) , D and A for all 

m = 1 , 2 , · · · , 2 M; set t = 1 and J 0 = 0; compute J 1 via (6). 

while not converge (i.e., |J t − J t−1 | > ε) do 

stage 1 ( nonlinear mapping): update f M , f 2 M with the fixed D and A : 

for m = 2 M, M − 1 , · · · , 1 do 

Obtain ∂J / ∂ W 

(m ) and ∂J / ∂ b (m ) via (8) and (9) by 

back-propagation; 

end 

for m = 1 , 2 , · · · , 2 M do 

W 

(m ) ← − W 

(m ) − β1 ∂J / ∂ W 

(m ) ; 

b (m ) ← − b (m ) − β1 ∂J / ∂ b (m ) ; 

end 

stage 2 ( dictionary update ): update D with the learned f M and A : 

Initialize μ = 1 , and � = N diag ( μ) ∈ R K×K ; 

while L dual ( μ) (19) not converge do 
Update μ using the gradient (20) by gradient descent method; 

end 

Obtain D = f M (X ) A T (AA T + �) −1 as in (18); 

stage 3 ( sparse coding): obtain A with the learned f M and D : 

for i = 1 , 2 , · · · , N do 

Initialize a i = (D 

T D + λ1 I ) 
−1 D 

T f M (x i ) ; 

while problem (21) not converge do 
Alternatively optimize �1 and a i in (23); 

end 

end 

Obtain sparse matrix A = [ a 1 , a 2 , · · · , a N ] ; 

t = t + 1 ; 

Compute J t via (6); 

end 
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r  
where D c = [ d 

c 
1 
, · · · , d 

c 
K c 

] is the dictionary corresponding to the

class c , and K c is the number of atoms in the dictionary D c ;

and A c = [ a c 
1 
, · · · , a c 

N c 
] is the sparse matrix of X c over the D c . The

‖ D 

T 
c D j ‖ 2 F 

is a cross-dictionary incoherence term, which promotes

incoherence between two dictionaries D c and D j , c � = j , and λ3 con-

trols the importance of the incoherence term. 

To solve this problem (25) , we adopt the similar optimization

procedure as used in the NDL (6) . Specifically, in the stage 2 (up-

dating D c with the learned f M 

and { A c } C c=1 
), the optimization prob-

lem (25) with respect to the D c is rewritten as: 

min 

D c 
J = 

1 

N c 

N c ∑ 

i =1 

‖ f M 

(x 

c 
i ) − D c a c i ‖ 

2 
2 + λ4 

C ∑ 

j � = c 
‖ D 

T 
c D j ‖ 

2 
F 

s . t . ‖ d 

c 
i ‖ 

2 
2 ≤ 1 , ∀ i = 1 , 2 , · · · , K c . (26)

We use a gradient descent algorithm to solve this problem (26) ,

and the derivative of J with regard to the class-specific dictionary

D c is computed as: 

∂J 

∂D c 
= D c A c A 

T 
c − f M 

(X c ) A 

T 
c + λ4 

(
C ∑ 

j � = c 
D j D 

T 
j 

)
D c . (27)

Finally, the complete or shared dictionary can be given as D =
[ D 1 , D 2 , . . . , D C ] . We use this dictionary D to encode a sample x by

solving the sparse coding problem in the transformed space f M 

(i.e.,

the layer M ): 

min 

a 
‖ f M 

(x ) − D a ‖ 

2 
2 + λ1 ‖ a ‖ 1 . (28)

Additional optimization details of the SNDL follow similar proce-

dures of those in NDL method that is summarized in Algorithm 1 . 

5. Experiments 

In this section, we apply the proposed NDL and SNDL meth-

ods for image classification task, and evaluate their performance

on four image categorization benchmarks. 
.1. Application to image classification 

We adopted the bag-of-visual-words (BoV) and spatial pyra-

id matching (SPM) [61] framework for image classification. Let

 = [ x 1 , x 2 , · · · , x N ] be a set of feature descriptors (e.g., SIFT) from

n image (or image patch), and let A = [ a 1 , a 2 , · · · , a N ] be the cor-

esponding sparse presentations of the X over the learned dictio-

ary D . The max pooling function was chosen to map the A into a

ingle feature vector s ∈ R 

K by: 

 j = max 
{| a 1 j | , | a 2 j | , · · · , | a N j | 

}
, (29)

here s j and a ij are the j th element of vector s and a i , respec-

ively. Following [13,61] , we partitioned each entire image into 21

 =1 2 + 2 2 + 4 2 ) image patches at three scales using spatial pyramid

epresentation. Then we performed max pooling on all the patches

nd concatenated them into a long feature vector of size 21 × K ,

hich was finally fed into a multi-class linear SVM [13] for classi-

cation. 

.2. Implementation details 

.2.1. Datasets 

We implemented and evaluated the proposed NDL and SNDL

ethods on four widely used image classification datasets detailed

s follows: 

• Scene-15 [61] : This dataset contains 4485 images falling into

15 categories, where the number of images for each category

varies between 200 and 400. Following the standard settings

on this dataset, we randomly took 100 images per category for

training and used the rest images for testing. We repeated this

procedure 5 times and reported the mean and standard devia-

tion of classification accuracies. 
• UIUC-Sports [62] : It contains 1579 images of eight sport event

classes such as badminton, croquet, polo, rock climbing, sail-

ing, and so on. We adopted 5 random splits of this dataset and

recorded the mean accuracy and standard deviation, where 70

images per class were used for training and 60 for testing. 
• MIT67 Indoor [63] : This dataset totally contains 15,620 images

of 67 indoor scene categories. In the standard evaluation proce-

dure, the training and test images were fixed, and 80 images of

each class were used for training and 20 images for testing. 
• Caltech-256 [64] : It is a more challenging dataset, containing

30,607 images in 256 categories with more variabilities. Fol-

lowing the common setting [64] , we randomly selected 15 and

30 images per category for training, and the remaining images

were used for testing. We partitioned this dataset five times

and reported the mean accuracy with standard deviation. 

Fig. 3 shows sample images from these four datasets. In experi-

ents, we converted all the images into grayscale and resized each

mage no more than 300 pixels in each direction with the original

spect ratio for feature extraction. For each image, we used a sin-

le descriptor type and densely sampled 128-dimensional SIFT on

mage patch of size 16 × 16 pixels with 8-pixel spacing. To well ex-

loit the spatial information, we adopted three-level spatial pyra-

id representation for each image as suggested in [13,61] . 

.2.2. Parameter settings 

We used a five-layer feedforward neural network ( M = 2),

here the number of neurons was set as 128 → 128 → 128 → 128

 128 from the input to output layer. To exploit nonlinearity of

ata, we simply utilized the tanh as the nonlinear activation func-

ion for each layer. The learning rate β1 was slowly reduced from

n initial value of 0.1 in the optimization procedure. The parame-

ers λ1 , λ2 , λ3 and λ4 were empirically set as 0.15, 1, 0.001 and 0.1

espectively. In regard to the dictionary size, we set K = 1024 for
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Fig. 3. Sampled images from different datasets, where each three images, from 

top to bottom, are from the Scene-15, UIUC-Sports, MIT67 Indoor, and Caltech-256 

datasets, respectively. 
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Table 1 

The comparison of classification accuracy (%) with base- 

lines on three scene datasets. The bold in Table denotes 

the best classification accuracy. 

Method Scene-15 UIUC-Sports MIT67 

ScSPM 80 .13 ± 0.56 82 .56 ± 1.01 38 .77 

K-ScSPM 81 .15 ± 0.70 83 .31 ± 0.80 39 .51 

NDL 82 .75 ± 0.53 84 .62 ± 0.68 41 .56 

SNDL 83 .69 ± 0.45 85 .20 ± 0.63 42 .03 

Table 2 

The comparison of classification accuracy (%) with several 

methods on three scene datasets. The bold in Table denotes 

the best classification accuracy. 

Method Scene-15 UIUC-Sports MIT67 

ScSPM [13] 80 .28 ± 0.93 – –

DeepSC [57] 82 .71 ± 0.98 – –

Gist [63] – – 26 .50 

OB [65] 80 .90 76 .30 37 .60 

NDL 82 .75 ± 0.53 84 .62 ± 0.68 41 .56 

SNDL 83 .69 ± 0.45 85 .20 ± 0.63 42 .03 

Table 3 

The comparison of classification accuracy (%) on the 

Caltech-256 dataset. The bold in Table denotes the best 

classification accuracy. 

# training images 15 30 

ScSPM 27 .65 ± 0.35 34 .11 ± 0.52 

K-ScSPM 27 .81 ± 0.37 34 .93 ± 0.44 

NDL 29 .30 ± 0.29 36 .80 ± 0.45 

SNDL 31 .10 ± 0.35 38 .25 ± 0.43 

Griffin [64] 28 .30 34 .10 

ScSPM [13,33] 27 .73 ± 0.51 34 .02 ± 0.35 
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ll datasets in the NDL method. In the SNDL method, the sizes of

lass-specific dictionary for each class were set as 60, 100, 20, and

0 for the Scene-15, UIUC-Sports, MIT67 Indoor, and Caltech-256

atasets, respectively. 

.3. Experimental results and analysis 

In this subsection, we compare our NDL and SNDL methods

ith two baseline methods as: 

• Sparse coding with spatial pyramid matching (ScSPM) [13] : it

uses the sparse coding in the original feature space under the

general bag-of-visual-words (BoV) and spatial pyramid match-

ing framework; 
• Kernel based ScSPM (K-ScSPM) [25,33] : it employs the kernel

trick to learn a dictionary in the transformed space using Sc-

SPM approach. In our settings, we chose the RBF kernel to
construct the kernel matric as κ(x i , x j ) = exp (−γ ‖ x i − x j ‖ 2 2 
) ,

where γ was set as the inverse of dimension of the vector x i . 

For these baseline methods, we used the same dictionary size

 K = 1024) and the strategy of spatial pyramid representation as

sed in our approaches. Tables 1 and 3 summarize the classifica-

ion results of both baselines and our proposed methods. 

We can make the following observations from the results

hown in Tables 1 and 3 : 

• Both the NDL and SNDL can obtain a better performance than

that of ScSPM for image classification. The reason is that the

ScSPM usually learns a dictionary and solves the sparse repre-

sentation in the original space and it cannot well exploit the

nonlinear structure of data, while our approaches can capture

this nonlinearity via a feed-forward neural network so that the

nonlinearity is better exploited. 
• The NDL consistently performs better than K-ScSPM that uses

kernel trick to implicitly encode the nonlinearity of data points,

and the merit of the NDL is to explicitly seek hierarchical non-

linear transformations. 
• The SNDL further improves the performance of the NDL, be-

cause the SNDL is a supervised dictionary learning method, and

it can utilize the label information of training data to learn a

discriminative dictionary for feature representation. 

In addition, Tables 2 and 3 also show some representative

esults taken from the corresponding references, where most of

hese methods only use a single descriptor type as our methods.

e can see that our methods are comparable to these methods,

specially the DeepSC method which adopts the siamese network

or hierarchical sparse coding. 
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Fig. 4. The average classification accuracy (%) of the NDL and SNDL versus different dictionary sizes on the Scene-15 dataset. 

Fig. 5. Convergence curves of the NDL and SNDL versus the number of iterations on the Scene-15, UIUC-Sports, MIT67 Indoor, and Caltech-256 datasets. 
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Table 4 

The classification accuracy (%) of NDL and SNDL with differ- 

ent settings of layers on the Scene-15 dataset. The bold in 

Table denotes the best classification accuracy. 

Layers M = 1 M = 2 M = 3 

NDL 82 .12 ± 0.61 82 .75 ± 0.53 82 .76 ± 0.75 

SNDL 82 .95 ± 0.77 83 .69 ± 0.45 83 .81 ± 0.56 
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.4. Parameter analysis 

We also examine the performance of both the NDL and SNDL

ethods on the Scene-15 dataset versus several varying parame-

ers. 

.4.1. Effect of the number of layers 

To evaluate how the number of layers affects the classification

erformance of the NDL and SNDL methods, we used other two

ettings of the neural network: M = 1: 128 → 128 → 128 and M = 3:

28 → 128 → 128 → 128 → 128 → 128 → 128. Table 4 shows the

lassification accuracy of the NDL and SNDL by using three differ-

nt settings of layers, we see that the performance of our methods

s improved when the number of layers increases. 

.4.2. Effect of the size of the dictionary 

Fig. 4 shows the average classification accuracy of the NDL and

NDL versus different dictionary sizes on the Scene-15 dataset. We

ee that the performance of the NDL can be improved by increas-

ng the number of atoms, and it becomes stable when the dictio-

ary size reaches 512. For the SNDL method, its classification ac-

uracy also gradually increases when the size of class-specific dic-

ionary varies from 20 to 60, and keeps relatively stable when the

ize of class-specific dictionary varies from 60 to 100. 

.4.3. Convergence analysis 

Fig. 5 plots the objective function values of the NDL and SNDL

ethods versus different number of iterations on the Scene-15,

IUC-Sports, MIT67 Indoor, and Caltech-256 datasets. We see that

ur approaches can quickly converge after 5 iterations on these

our datasets. 

.4.4. Parameter selection 

We choose λ1 in {0, 0.05, 0.1, 0.15, 0.2, 0.3, 0.5, 1}, λ2 in {0, 0.1,

.5, 1, 10} and λ3 in {0, 0.1, 0.01, 0.001, 0.0 0 01} on the Scene-15

ataset to examine the importance of each component. Experimen-

al results show that the terms J 1 and J 2 are more important than

 3 . With the fixed λ1 = 0 . 15 and λ2 = 1 , the mean accuracy of NDL

aries in range [82.53, 82.75]; with the fixed λ1 = 0 . 15 and λ3 =
 . 001 , the accuracy varies in [79.61, 82.75], and small λ2 leads to

oor performance; and with the fixed λ2 = 1 and λ3 = 0 . 001 , the

ccuracy varies in [81.85, 82.75]. For the learning rate β1 , we pick

ts initial value in {1, 0.1, 0.01}. We find that λ1 = 0 . 15 , λ2 = 1 ,

3 = 0 . 001 , and β1 = 0 . 1 can obtain the acceptable results. There-

ore we adopt this parameter setting for other datasets. 

. Conclusion 

In this paper, we have proposed a nonlinear dictionary learn-

ng (NDL) method and applied it to image classification. The NDL

mploys a feed-forward neural network to seek hierarchical fea-

ure projection matrices and dictionary simultaneously, so that the

onlinear structure of samples can be well exploited. To better ex-

loit the discriminative information, we have also extended NDL

nto supervised NDL (SNDL) by learning a class-specific dictionary

ith the label of training samples. Experimental results on four

mage classification datasets show the effectiveness of the pro-

osed methods. 
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