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Classwise Sparse and Collaborative Patch
Representation for Face Recognition
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Abstract—Sparse representation has shown its merits in
solving some classification problems and delivered some impres-
sive results in face recognition. However, the unsupervised opti-
mization of the sparse representation may result in undesired
classification outcome if the variations of the data population
are not well represented by the training samples. In this paper,
a method of class-wise sparse representation (CSR) is proposed
to tackle the problems of the conventional sample-wise sparse
representation and applied to face recognition. It seeks an
optimum representation of the query image by minimizing the
class-wise sparsity of the training data. To tackle the problem
of the uncontrolled training data, this paper further proposes a
collaborative patch (CP) framework, together with the proposed
CSR, named CSR-CP. Different from the conventional patch-
based methods that optimize each patch representation sepa-
rately, the CSR-CP approach optimizes all patches together to
seek a CP groupwise sparse representation by putting all patches
of an image into a group. It alleviates the problem of losing
discriminative information in the training data caused by the
partition of the image into patches. Extensive experiments on
several benchmark face databases demonstrate that the proposed
CSR-CP significantly outperforms the sparse representation-
related holistic and patch-based approaches.

Index Terms— Sparse representation, class-wise sparsity, clas-
sification, holistic, patch based, face recognition.

I. INTRODUCTION
HE RAPID growing popularity of social network, such as
Facebook, Instagram and Pinterest, produces increasing
amount of image content shared online. How to organize
these data and retrieve information from them attracts many
researchers in image processing to the problems of image
classification and image understanding. Human faces are prob-
ably the most popular image content. Moreover, the rich
off-the-shelf face databases provide excellent benchmark data
for evaluation of various techniques of image classification and
image understanding. Especially, they provide a great test bed
for the problems of large number of classes with few training
image per classes, which is a common scenario in many real
applications.
Holistic approach directly applies the dimensionality
reduction and classification techniques to the whole image
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represented by dense features such as pixel level, HoG [1] or
LBP [2], [3]. For dimensionality reduction, many methods are
developed based on various criteria. While principal compo-
nent analysis [4], [5] minimizes the reconstruction error in the
low dimensional space, linear discriminative analysis [6], [7]
maximizes the discriminant power in the subspace. Locality
preserving projection [8] maintains the local relation in the
embedding. In [9], the principle and rationale behind the
positive role of dimensionality reduction for classification
is revealed. Although there are many different classifiers
available [10], the suitable ones for high dimensional data
are limited. Nearest neighbor (NN) classifier is widely applied
for its simplicity. Nearest feature line [11] (NFL) extends the
isolated feature points to lines by linking two training samples.
Sharing a similar idea, nearest feature plane (NFP) [12],
nearest feature space (NFS) [12]-[14] and linear regression
classifier (LRC) [15] further expand the training samples to
feature planes and subspaces. The commonalities of all these
classifiers are that they evaluate the relation between the query
image and the training samples of each individual subject
separately.

Different from these classifiers, Wright ef al. [16] proposed
a sparse representation based classification (SRC) scheme,
which considers the query image as a linear combination of
all training samples. It is in general assumed that samples of
a specific subject lie in a linear subspace [6], [17]. With this
assumption, the query image is expected to be well represented
by the training samples of the same subject, which may
lead to a sparse representation over all training data. SRC
achieves some impressive face recognition performances with
sufficient and uncorrupted training data. Inspired by SRC,
many extensional works are proposed, such as SRC with
nonnegative constraint [18], Gabor feature based SRC [19],
Gaussian kernel error term [20], locality constraint SRC [21],
regularized robust coding [22], extended SRC [23], superposed
SRC [24], sparse- and dense- hybrid representation [25], SRC
based feature extraction [26], and dictionary learning for
SRC [27]-[29].

If images originate from distinct subjects are less correlated
than those from the same subject, a sparse representation is
expected with the significant representation coefficients focus-
ing on the correct subject. However, the subspaces spanned
by different subjects do have some correlation due to their
similar appearances. Moreover, images captured under the
same condition but from different subjects may show higher
correlation than those from the same subject under different
conditions. Therefore, the unsupervised /;-norm minimization
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of the sample coefficients in SRC may result in the repre-
sentation of a query image by samples from many different
subjects, which may cause misclassification. To alleviate this
problem, it is a rational way to harness the label information of
training data [27], [30], [31]. Similarly, Group Lasso (GL) [32]
is proposed to seek an image representation with minimized
[>,1-norm of the sample coefficients. However, the /5 j-norm
not only minimizes the number of the selected subjects, but
also minimizes the /;-norm of coefficients within each class.
The later may prevent the attained result from the desired
solution as the optimal representation of a query image by
training samples of the correct subject may not necessarily be
dense.

The first part of this work aims at alleviating the problems of
SRC and GL. Towards this end, we propose a new algorithm,
named class-wise sparse representation (CSR). Instead of
minimizing the number of training samples used in SRC,
it minimizes the number of training classes in representing
the query image. Different from the GL, the proposed CSR
has more emphasis on the sparsity between the classes and
hence more likely selects the correct class. In implementation,
the desired solution can be obtained by minimizing the rep-
resentation error and the class-wise sparsity simultaneously,
which can be formulated as a convex optimization problem
solved via Augmented Lagrange Multiplier scheme [33], [34].

The holistic approaches have been demonstrated being
effective for well controlled training and testing data. However,
they are vulnerable to the uncontrolled data (e.g., extreme
shadows, expression, and disguise) [25], [35], [36]. Local
approaches, such as keypoint based [37]-[40], component
based [41]-[43] and patch based [15], [16], [44], [45] methods,
are shown to be more robust in dealing with the extreme vari-
ation. However, both keypoint and component based methods
have huge computational burden and their good performances
heavily depend on the reliable detection of the keypoints or
components, which is not an easy task. Patch based approaches
that simply partition the image into predefined patches are
often preferred for their usability. Conventional patch based
approaches apply the classifier to each patch separately and
fuse the patch classification results for final decision. Many
fusion methods have been studied, such as product rule, sum
rule, max rule, median rule, and weighted sum rule. In [15],
LRC is applied to each patch and the label of the query image
follows the result of patch that has the minimum representation
error. Differently, SRC by patch [16] applies the major-
ity voting to the classification results of individual patches.
It treats all patches equally regardless whether they are cor-
rupted or not. To alleviate this problem, modular weighted
global sparse representation (WGSR) [45] discards the cor-
rupted patches based on the patch residual and sparsity, and
uses the remaining patches for classification by weighting
patches with a nonlinear function. However, the optimization
of the weighting function remains an open issue.

As each patch is processed separately, patch based approach
is more flexible than holistic one. Without the bounding
between patches, the corrupted patches caused by extreme
variation will not affect the representation and classification
of the representative ones. Unfortunately, the patch scheme
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largely reduces the discriminative information used in the rep-
resentation and classification. The classification result based on
the single patch is much less reliable than that from the whole
image. Fusing these less reliable results does not guarantee a
correct classification.

To exploit the flexible representation of patches and alleviate
the unreliability problem caused by the separated patch opti-
mization, a collaborative patch (CP) representation scheme,
together with the proposed CSR, named CSR-CP, is proposed
in the second part of this paper. Different from the holistic
approaches that restrict the representation coefficient being
the same for all pixels of a training image, each patch in
the proposed scheme has its own representation coefficient.
Different from the aforementioned patch based approaches that
optimize each patch representation separately, the CP scheme
puts all patches of an image into a group, and optimizes a
group-wise sparse representation of the whole query image.
By seeking the group-wise sparsity over the coefficients of
all patches, it harnesses the relationship among patches of
the same image to obtain a reliable and discriminative result.
The proposed CP scheme can be realized by extending the
proposed CSR algorithm to the group of patches. Compre-
hensive experimental results are presented in this paper to
verify the effectiveness of the proposed CSR-CP approach on
several benchmark databases. They show that it significantly
outperforms the sparse representation related holistic and patch
based approaches.

II. CLASS-WISE SPARSE REPRESENTATION

An image of m pixels is arranged in a column vector.
Let A; = [a;1,...,8;,] € N be a stack of n; train-
ing samples with dimensionality of m from the ith subject.
A=[A,Ay,...,Ac] € X" stacks training samples of all
C subjects and n = Ziczl n;. A query image y € iN" can be
represented by training samples of all classes A as

y=Axte, (1)

where x € i" is a representation coefficient vector associated
with A, and e is the representation error. As it is in general
assumed that samples of a specific subject lie in a linear
subspace, a query image is expected to be well represented
as a linear combination of the training samples of the same
class. Thus, we can find a sparse solution to the representa-
tion coefficients x. By measuring the sparsity of the coeffi-
cient vector with /j-norm, the sparse optimization problem is
formulated as

!
min ||y — AX[3 + Z[x]l1, @)

where || - ||; denotes the /;-norm that is absolute sum
of a vector and A is a parameter for compromise
between the reconstruction error and sample-wise spar-
sity. Many algorithms are proposed to solve problem
(2) efficiently [46]-[48]. With the assumption that sub-
spaces of distinct classes are independent to each other,
(2) achieves a discriminative representation where signifi-
cant nonzero coefficients are only associated to the cor-
rect subject [49], [50]. Therefore, sparse representation (2)
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Fig. 1. An example of two different representations: a query image y (circle)
can be sparsely well represented by samples aj ; and ajp of one class
(triangle); it can also be densely well represented by samples ap | and ap
of another class (diamond).

is applied to classification tasks, such as face recognition,
and named sparse representation based classification (SRC)
scheme [16].

However, there are two problems of SRC for face recogni-
tion: First, the significant nonzero coefficients, though sparse,
could be associated with many subjects. Due to the com-
mon facial components, the assumption of independence of
face subspaces cannot be always guaranteed, which leads to
significant nonzero coefficients spreading into many distinct
subjects. Second, to achieve a sparse coefficient, SRC tends
to randomly select a single representative from the highly
correlated training samples [51], [52]. The facial images have
not only the identity information but also much other informa-
tion, such as illumination and expression. Thus, the correlation
between the samples of some different subjects with similar
variations could be higher than those of the same subject
with different variations. In this case, SRC is known to have
stability problems [52]. Typically, given two highly correlated
samples, SRC will randomly select one of the two [52]. The
randomness of SRC may lead to an unreliable result.

Although these two problems seem unrelated, both of them
can be resolved by using the class labels of training data during
sparse optimization. With this discriminative information, the
significant representation coefficients can be forced to asso-
ciate with few subjects. Selecting classes instead of individual
samples can alleviate the problem of random selection of
highly correlated data. Therefore, Group Lasso (GL) [32] is
proposed to conquer the problems of SRC by replacing the
l1-norm with the so-called /> 1-norm as following

c
min 3 ly — AxI3 + 4 Y Ixil, 3)
i=1
where x; € N is the representation coefficient vector of
the ith class and x = [Xx;;X2;...;Xc]. The second term
of (3) is [,1-norm [53] that is widely used for group sparsity
measurement.

The I>1-norm is in fact the combination of a Il>-norm
within class and a /{-norm across classes. It is not difficult
to understand the role of /{-norm minimization over classes,
which enforces a group sparse representation. However, the
minimization of />-norm suppresses significant sparse coeffi-
cients and promotes a dense representation within the class.
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Take Fig. 1 as an example, where four training samples
(i.e., ay,;1, a12, az,;, az2) of two subjects (triangle and
diamond) and a query sample y (circle) are shown. The
query sample can be well represented by the samples of
the triangle subject, ie., y = 097 - a;; + 0.01 - aj>.
It can also be well represented by a combination of samples
of the diamond subject as y = 0.5 - ax; + 0.5 - a.
Although the /1-norm of the former is smaller than the later,
its Ir-norm (0.970) is much larger than the later (0.707).
Therefore, the />-norm minimization of GL results in the death
of the single large coefficient and the survival of the two
small weights. The former one, however, is more likely to
be the correct subject because the face image variation is
more likely sparsely distributed rather than a dense Gaussian
distribution. Therefore, the /;-norm minimization in the second
term of (3) adversely affects the correct class selection during
the minimization process of GL.

To tackle the problems of SRC and GL, we propose the
following optimization problem:

1
: 2
min — |y — Ax|l5 + lzllo s.t. zi = [xi]l2,
X,z 2

L zell. “)

Here the first term is the reconstruction error, the second term
is a class-wise sparsity measurement, and A is a parameter
balancing the effects of these two terms.

The minimization of [p-norm over z in (4) is a
non-convex problem, which can only be solved by the exhaust
searching [54]. Fortunately, recent studies in compress sam-
pling [55]-[57] show that, the sparse vector can be approx-
imately recovered by replacing the non-convex /p-norm with
the convex /i-norm if the solution is sparse enough. To be
robust to the gross images, which is ubiquitously contaminated
by sparse noises with arbitrary magnitudes [58] and therefore
cannot be well characterized by the /;-norm, /1-norm is used
to measure the representation error. As a result, we use
/1-norm minimization for both sparse reconstruction error and
class-wise sparsity. Therefore, we propose a class-wise sparse
representation (CSR) method as

where z = [z1, 22, . .

!
min = [ly — Ax[1 + Zllz[l1 s.t. zi = [[xi]2,
X,z 2

,zell. ®)

The proposed CSR introduces a new variable z into the opti-
mization process. The minimization of the number of nonzero
elements of the C dimensional vector z directly coincides with
the aim of finding the most class-wise sparse representation
of C classes. The regularization term in (5) searches sparse

where z = [z1, 22, ...

zi,i=1,2,...,C in K¢ space. In contrast, the regulariza-
tion term in (3) searches a group sparse representation xy,
k=1,2,...,n in R". Its minimization of the />-norm of x;

may lead to an undesirable result as the optimal representation
of a query image by training samples of the correct subject
may not necessarily be dense. In addition, it is troublesome
to minimize the /p-norm of the representation error if there
are sparse but large corruptions in images. By characterizing
the representation error with the /i-norm in the proposed
CSR, the adversarial impact of large noise is suppressed. The
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Fig. 2.  Comparison of representation coefficients of SRC (a), GL (b), and
the proposed CSR (c) on AR database of 20 persons with 5 undisguised
training images per person. The x-axis is 5(k — 1) + j where k and j are
respectively the indices of subjects and training images of a subject. Coeffi-
cients of the correct subject are in red lines (circles) and others are in blue
lines (dots).

two new components in the proposed CSR (5) lead to the
development of new optimization algorithm, which will reach
different results as shown in the experiments. In some cases,
the performance improvement of the proposed CSR (5) over
group Lasso (3) is significant.

Fig. 2 visualizes a comparison of coefficients of SRC,
GL, and the proposed CSR. Fig. 2a shows that SRC
achieves the most sample sparse coefficients with only
17 nonzero elements. However, they spread into 9 different
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subjects as it does not use the class label information of
training data. The most significant coefficient is associated
with the wrong subject that leads to misclassification in this
example. Fig. 2b shows coefficients of GL, in which 7 subjects
have nonzero coefficients. The [>-norm leads to a dense
representation within the class. The correct class fails to win
the most significant representation coefficient, which results
in the wrong decision. For the proposed CSR, it achieves the
most class-wise sparse coefficients (5 classes) among the three
methods. Furthermore, it makes the correct classification by
assigning the correct subject with the largest coefficient, which
stands out against the others. Fig. 2 shows that the proposed
CSR achieves the most discriminative representation among
the three.

A. Optimization

To solve problem (5), we first convert it to the following
equivalent optimization problem by introducing two auxiliary
variables e € ™ and u € N":

1
min —|le[l; + 4|z
X,z,e,u 2

st.e=y—Ax, x=u, z; = |[u], (6)

where u; € N" is a sub-vector of u with coefficients
associated with class i.

For efficiency, we adopt the Augmented Lagrange Multiplier
scheme [33], [34], which has been successfully applied to
a variety of convex or nonconvex problems [53]. Conse-
quently, it derives the following unconstrained optimization
problem:

1
min —|lell; + Allz]ly
u?

+pTy—Ax—e)+0T(@—2)+ B (x—u)
+ %(ny —Ax— el + i — 23 + Ix — u]?),
)

where y € %", 0 € RC and B € R" are the Lagrangian
multipliers, # > 0 is the penalty parameter, and @ € RC

denotes the vector [||u1 l2, lazll2, ..., ||uC||2]T.

Instead of optimizing all variables simultaneously, as they
are separable, we apply the alternating optimization scheme,
which has been widely advocated by sparse and low-rank
optimization works [25], [50], [59], [60]. As a result, the
original problem is decomposed into several subproblems,
which optimize one variable by fixing the others in each
step.

Given the current X, z and u, we optimize e by solving the
following subproblem:

1
argmin el +» (v — Ax—¢) + Zly — Ax el
| 1
= argmin — [le[l; + =lle — (y —Ax+y/w)l3.  (8)
e 2u 2
the

Problem (8) can be solved via

operator [61].

soft-thresholding
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We fix the other variables and optimize x by minimizing
the following problem:

argminy” (y — Ax — ¢) + B7 (x — u)
+ 50y — Ax— el + x — ul})
= argmxin %XT(ATA + Dx
—u(y—e+y/W'A+@-B/w)")x. 9

This is a least square problem, which leads to a close-form
solution of x as:

x=ATA+D ' (AT(y—e+p/u)+@—B/uw).
(10)

With the updated x, z and e, the optimized u can be
obtained by

argmin 87 (@ — z) + 7 (x — u)
u

no,o.
+ S (18 = 23 + [x = ull). (11)
By simple manipulation, (11) can be rewritten as
C
argmin > [0 — wz)lwla + s — (i + Bi/w) /215,
i=1
(12)

which has a closed form solution by the 1D shrinkage
formula [53]:

0 — uzi) 0) T
207 M nill2”
where r; = (x; + Bi/un)/2, fori =1,2,...,C.
We can acquire the optimum z by solving the following
problem:

u; = max (|ri 12 - (13)

argmin Azl +6( —2) + 5 [1d - I}

. A 1 -
= argmin — |z} + S llz— @+ 6/ (14)
Z U 2
The same as problem (8), (14) can be solved by the
soft-thresholding operator.
Finally, the Lagrangian multipliers are updated as

y=vy+uly—Ax—e), (15)
0 =0+ u(i—2z), (16)
B =B+ux—u). (17)

The steps (8), (9), (12), and (14)-(17) are repeated until
the convergence conditions are attained. Algorithm 1 summa-
rizes the procedures of solving the optimization problem (5).
In (12), different from GL using a constant weight for all
la; |2, CSR varies the weights from class to class. The weights
play an important role in the optimization. It is easy to see
in (14) that larger |lu;||> leads to larger z;. As shown in
(12), larger z; decreases the weight of ||u;||2, which will less
penalize the />-norm of u;. Therefore, this makes the proposed
CSR emphasize the sparsity of ||u;||» over i and deemphasize
the minimization of the /;-norm of individual u;. Furthermore,
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Algorithm 1 Class-Wise Sparse Representation (CSR)

Input: Matrixes of training sample set A, query image
Yy, parameter \.

Initialization: x = 0,z=0,u=0,7v=0,0=0,8 =

0,00 =103, fiymae = 10%,p=1.1,e = 1073,

while not converged do

1. update the e as Problem (8).

. update the x as Problem (9).

. update the u as Problem (12).

. update the z as Problem (14).

. update the multipliers as (15)-(17).

. update the parameter p by p = min(pu, tmaz)-

7. check the convergence conditions:

ly — Ax — e|jco < € and |01 — z||cc < € and

Ix —ul|eo <e.

AN W W N

end
Output: x, e.

compared to the proposed CSR, GL lacks two crucial steps
(8) and (14). In (8), the proposed CSR attempts to find
the sparse noise vector e. It is well known that the Ir-
norm minimization (9) is not robust to outliers, especially,
when the outliers are significant different from the original
data. By removing the sparse but arbitrary noise via (8),
the optimized x in (9) will less overfit to a corrupted query
sample y. In (14), we minimize the /{-norm of z by search-
ing z; and setting the small nonzero elements of @ to zero.
As a result, the proposed CSR achieves more class-wise sparse
coefficients compared to GL, which is further verified in the
experiments.

B. Classification

Once the coefficient vector x and representation error e are
obtained, the corrupted query image y can be recovered as

y=y—e=Ax (18)

Now the reconstruction error by a single class, e;, can be
generated as

e =¥ —Ad(x), (19)

where d; (x) only retains the coefficients associated with class i
and the others are 0.

The reconstruction by samples of class i will be the closest
to y if the query image originates from the same class. Thus,
the reconstruction error of the correct class should be the
minimum among all. To measure the magnitude of class
reconstruction error, [>-norm is widely applied. However, the
quadratic term of />-norm makes it easily disturbed by a few
or even a single large outlier. To tackle this problem, /{-norm
is a popular choice in field of robust statistics. In this paper,

we propose to measure the magnitude of class error as
ri = lleilll = |AX — AG;(x)[l1 = A (Xl (20)

where 0; (x) € %" is a vector generated by setting the elements
of x associated with the ith class to 0.
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(a) A query image partitioned into the predefined patches. (b) An example of collaborative patch sparse representation of the whole query image.

The coefficients indicated by red lines (circle) are associated with the correct class.

Finally, the query image is labeled to the subject with the
minimum residual

2y

i* = argminr;.
l

III. COLLABORATIVE PATCH REPRESENTATION

SRC [16] has demonstrated its effectiveness in face recog-
nition under some scenarios. However, a violation of carefully
controlled training samples may result in severe performances
degradation. For example, to represent a normal query image,
instead of choosing the extremely illuminated training samples
of the correct subject, SRC tends to select the normal samples
from other subjects. In this case, the result of SRC is no longer
informative.

In order to handle face with extremely variation
(e.g., shadow, expression, and disguise), in [16], images are
partitioned into L patches as shown in Fig. 3a. It generates
a set of patch dictionaries A/ € R"/L)*" by stacking the /th
patches of n training images, for [ = 1,2, ..., L. Similarly,
a query image is also partitioned into y',y?, ...,y e ®"/L,
For each patch, y' is represented by the patch dictionary Al as

yi=AlX + ¢, (22)

where x! € %" and e/ € %"/L are the patch representation

coefficients and error, respectively. For each of L patches,
SRC (2) is applied to (22) for classification. The label of
query image is decided based on the majority voting of all
patches [16]. In this paper, we call this method SRC by
patch (SRC-P).

SRC-P alleviates some limitations of SRC. By partitioning
the image, the corrupted patches caused by extreme variation
will not affect the representation and classification of the
representative ones. Moreover, for the representation of each
patch, SRC-P solves a more underdetermined linear system of
(m/L) xn, which has only one Lth constraints of SRC (m xn),
and hence it reconstructs the query image more accurately.

In the procedure of SRC-P, it searches individual local
optimums first (i.e., the result of each patch) and then fuses
them for a final decision. A patch with the dimensionality of
m /L has much less discriminative information than the whole
image with the dimensionality of m. Based on the reduced

discriminative information, the local optimums of SRC-P are
less reliable. The fusion of these less reliable results does not
guarantee a correct classification. Furthermore, as all patches
are processed separately, they are not constrained to select the
same classes. Thus, the significant representation coefficients
of different patches could be distributed in a number of
different training classes with no class wining more patches
than the others.

To alleviate these problems, we propose a scheme that
gathers all patches into a single joint optimization. Given a
training image a; x, we generate L patch images, ail’ o ai% PR
aiI:k € N, where the only nonzero elements of afj i are the
pixels of a;; associated with the /th patch. Some examples
of aik are shown in the left image of Fig 3b, in which the
patch images of a row are generated by an image. We stacks
all L patch images of a;; as Afk = [aik,azk,...,afk].
Al = [Afl,Afz, . ,Afn’_] encloses all patch images of a
subject. By concatenating the patch images of all C subjects, a
dictionary is produced as A" = [AF, AL, ... AL] € L,
We propose a collaborative patch (CP) representation of query
sample y as

y=APXP +eP, (23)

where x” € %L and e’ € R are the collaborative patch
representation coefficients and error, respectively.

It is not difficult to see that if the proposed CSR (5) is
applied to solve x” in (23), the representation coefficients of
all patches of a training image are put into a group to compete
with others in the sparse optimization. Thus, all patches of an
image collaboratively participate in the optimization. There-
fore, we propose the CP representation scheme together with
the proposed CSR, named CSR-CP, as following optimization
problem

1
- PP P P P
min ~[ly —A"X" |1 + Allz7 [l stz = (1% M2
xP,zP 2

where z”

P _P PqT
=[Z1,Z2,...,ZC] s (24)
here xiP e ML is the coefficient vector associated with AiP .
All patches in AP and y are normalized to unit />-norm.
Different from SRC-P, which considers each patch represen-

tation separately, the proposed CSR-CP method bounds all
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patches of an image and all images of a class into a group.
Putting all patches of an image together in the optimization,
CSR-CP compensates the loss of the discriminative informa-
tion caused by partition of the image into patches. Thus,
the result of the proposed CSR-CP is more informative than
SRC-P for classification.

Once (24) is solved by Algorithm 1, a classification
procedure similar to (20) and (21) is applied.

SRC constrains all pixels of an image to share the
same coefficient. Thus, it either selects all or none pixels
of an image. SRC-P attempts to interpolate between these two
conditions by partitioning image into patches and processing
them separately. It results in that every patch has its own
representation coefficient. That is, the representative patches
of the corrupted image can be freely and independently used to
reconstruct those of query image. Therefore, SRC-P shows its
effectiveness when the training data is not well controlled, such
as with disguise, extreme expression and shadow. Although
SRC-P can achieve a more accurate representation, it does
not necessarily result in better recognition rates in all cases.
In fact, SRC-P leads the representation to an extreme, which
does not take the relations between patches of the same
image into consideration. Hence, SRC-P largely reduces the
discriminative information, which is critical for classification.
The proposed CSR-CP makes a compromise between SRC
that treats the whole image as an entirety, and SRC-P that
allows different representations for different patches. It uses
all patches collaboratively to learn a group-wise sparse rep-
resentation where patches are united as an entirety in the
sparse optimization. The proposed CSR-CP, which inherits
some merits of both holistic and patch based approaches,
attains a more reliable and robust representation.

To illustrate a problem the proposed approach solves, Fig. 4
shows a real example comparing CSR-CP with SRC and
SRC-P. An undisguised query image is represented by training
samples that contains 100 subjects, each of which has two
images, from AR databases. The two training images of the
correct subject are both disguised, one wearing sunglasses and
the other wearing scarf. SRC-P and the proposed CSR-CP
apply 8 patches as shown in Fig. 3. The representation
accuracy (1 — r;j/max(r;)) by training samples of a single
class of SRC, SRC-P and the proposed CSR-CP are shown
in Fig. 4a, b and c, respectively. Due to the disguise in
training samples of the correct subject, SRC tends to select the
uncorrupted samples of many other subjects to represent the
query image. As a result, there are 4 class-wise representation
accuracies higher than that of the correct subject, which
leads to wrong classification. As SRC-P optimizes patches
separately, the different patches have different selections of
subjects. This can be seen in Fig. 4b that many subjects have
nonzero class-wise representation accuracies, where 2 subjects
have higher class-wise representation accuracies than the cor-
rect subject. More specifically, the minimum reconstruction
errors of 8 patches are won by 8 different subjects that leads
to misclassification. For the proposed CSR-CP method, the
correct subject achieves a much higher class-wise representa-
tion accuracy than the other subjects and hence it correctly
labels the query image.
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Fig. 4. Comparison of SRC (a), SRC-P (b) and the proposed CSR-CP (c) in
terms of representation accuracy by single class. For SRC-P, the class residual
r; is the sum of the 8 patch residuals for comparison with SRC and CSR-CP.
The red lines (circle) are associated with the correct subject.

IV. EXPERIMENTS

The proposed approaches, class-wise sparse representa-
tion (CSR) and class-wise sparse representation with collab-
orative patch (CSR-CP), are evaluated in 4 face databases:
Extended Yale B [14], CMU Multi-PIE [62], AR [63], and
CMU PIE [64]. To show the effectiveness of the proposed
CP separately, we also propose to integrate CP scheme in
the Group Lasso [32] named GL-CP. All these three pro-
posed algorithms are compared with LRC [15], SRC [16],
Group Lasso (GL) [32], [65], LRC by patch (LRC-P) [15],
SRC by patch (SRC-P) [16] and WGSR [45]. The parame-
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Fig. 5. Face samples from the Extended Yale B.

Fig. 6. Face samples from the AR database.

ters A of the proposed methods are determined by cross-
validation on AR dataset and fixed over all experiments of
this paper to 0.25 and 0.1 for CSR (5) and CSR-CP (24),
respectively, though better performances may be achieved if
they are fine tuned to fit each specific experiment. For the
competing methods, their parameters are tuned to achieve the
best performances on AR dataset. The grey level of image is
used as the feature. In all but Experiment 7, the number of
patch is fixed to 8 as shown in Fig. 3, which is the same as
[15], [16], and [45].

The cropped Extended Yale B database includes 38 subjects,
each of which has 64 frontal face images captured under
64 different illuminations. These 64 samples are divided into
5 subsets depending on the angle between the directions of
light and face. Fig. 5 shows some samples with various lighting
condition. The image size is downsampled from 198 x 168
to 48 x 42.

The CMU Multi-PIE database contains face images cap-
tured in 4 sessions with variations in illumination, expression
and pose. We use the frontal images with neural expression of
the first 105 subjects of Session 1 in the experiments. Images
are cropped based on the eye locations provided by [66] and
downsampled to 50 x 40 pixels.

For AR database, we use a subset including 50 male subjects
and 50 female subjects. For each subject, 26 face images
are taken in two separate sessions, that is, each session has
13 samples. These two sessions are with the same expression,
illumination and disguise variation. However, Session 2 is
captured one week later than Session 1. Fig. 6 shows images
of a typical session from AR database. All images are resized
from 165 x 120 to 55 x 40.

The CMU PIE database has 41,368 facial images
of 68 subjects. The face images were acquired by 13 synchro-
nized cameras and 21 flashes, under varying pose, illumination
and expression. In the experiment, we choose the images
captured from the frontal poses (C27) and use all the images
under different illuminations and expressions. As a result,
for each of 68 subjects, there are 49 facial images. Some facial
images with illumination and expression changes are shown
in Fig. 7. All images are with the size of 45 x 45.

Fig. 7.

Face samples from the CMU PIE database.

Recognition rate (%)

[| === WGSR
= GL-CP
CSR-CP

65

5
t: nuber of training samples per subject

Fig. 8.

Recognition Rate on Extended Yale B.

Fig. 9.
database.

Face samples with illumination variation from CMU Multi-PIE

A. Face Recognition With Uncorrupted Training Samples

This subsection tests the effectiveness of the proposed
approaches with uncorrupted training data.

Experiment 1: for Extended Yale B database, we randomly
select ¢ from 64 illuminations as training data and the others
are used for testing. We repeat this procedure 10 times for
each r (12, 6, 5, 4, 3). Fig. 8 plots the averaged results and
standard deviations of various methods with different training
samples . Much to our surprise, GL, which attempts to solve
the problem of SRC, underperforms SRC in all scenarios.
Among the holistic approaches, the proposed CSR achieves the
best recognition rates, which is however worse than the patch
based methods due to the extreme illuminations and insuffi-
cient training data. Although GL underperforms SRC all the
time, the proposed GL-CP performs better than SRC-P in the
cases of 4 and 3 training samples thanks to the collaborative
patch scheme. When ¢ is equal to 12, all patch based methods
except for LRC-P achieve close results. WGSR consistently
achieves the second best accuracies with the maximum gain
over SRC-P 6%. The proposed CSR-CP performs the best and
its largest improvement over SRC-P is 14.5%.

Experiment 2: to further verify the performances of various
methods in tackling the extreme illuminations, another experi-
ment is done on Multi-PIE database. Following the procedure
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Fig. 10. Recognition rate on Multi PIE Database.

in [62], 18 flash-only images are generated as the differences
between flash images (illuminations {1-18}) and non-flash
image (illumination {0}) of Multi-PIE database as shown
in Fig. 9. For each of the 105 subjects, t images are randomly
selected for training and the other 18 — ¢ images are used
as testing data. The averaged recognition rates and standard
deviations over 10 runs are plotted against the reduced ¢
in Fig. 10. It can be seen that the proposed CSR visibly outper-
forms the other holistic approaches. Although the recognition
accuracies of GL are similar or even inferior to those of SRC,
by using of collaborative patch scheme, the proposed GL-CP
outperforms SRC-P and consistently perform the second best.
When there are equal or more than 3 training samples per
subject, the proposed CSR-CP achieves almost perfect results
(i.e., greater than 99%). The maximum accuracy gain of the
proposed CSR-CP over SRC-P reaches about 9% at 2 training
samples per subject.

Experiment 3: for each subject of AR database, ¢ (6, 5, 4, 3)
of 7 undisguised samples from Session 1 are used for training
and all 7 undisguised samples from Session 2 are used for
testing. With each 7, we randomly select 10 times. The aver-
aged results and standard deviations are recorded in Table I.
Among all holistic approaches, the proposed CSR achieves the
best recognition rates where the performance gain increases
with decreasing number of training data. For LRC and SRC,
their patch based versions cannot consistently outperform the
corresponding holistic ones. In contrast, the proposed CSR-CP
and GL-CP perform better than the proposed CSR and GL
for all different ¢, respectively. Again, the proposed CSR-CP
consistently achieves the best results.

Experiment 4: for each subject of CMU PIE dataset,
t (8, 4, 3, 2) facial images are randomly selected for
training and all the rest are used for testing. The aver-
aged recognition rates and standard deviations over 10 runs
are shown in Table II. As the variation of this dataset is similar
to that of Experiment 3, which includes only small illumina-
tion and facial expression, comparable results are obtained.
Given the sufficient training data (i.e., t = 8), all methods but
LRC-P achieve high recognition rates and their differences
are marginal. Although SRC-P performs inferior to SRC due
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TABLE I
RECOGNITION RATE ON AR FACE DATABASE

[ number ¢ | 6 B | 4 [ 3 |
LRC [15] 72.840.47 | 67.4£1.11 | 60.5+0.80 | 53.7+0.85
SRC [16] 91.7+£0.07 | 89.84+0.35 | 87.54+0.51 81.640.88
GL [65] 92.440.31 90.34+0.33 | 88.7£1.09 | 83.440.35
CSR 94.3+0.11 | 93.740.35 | 93.1+0.33 | 89.34+0.47
LRC-P [15] 69.2+1.75 | 67.2+2.05 | 63.842.45 | 56.5£1.17
SRC-P [16] 92.740.70 | 89.1£0.07 | 87.74+1.06 | 79.1£0.25
WGSR [45] | 92.740.31 90.3+0.64 | 88.14+0.53 | 82.441.53
GL-CP 94.6+0.44 | 93.440.54 | 90.7£0.07 | 86.040.71
CSR-CP 96.740.31 | 95.60.44 | 94.34+0.53 | 90.8-0.18

TABLE I1

RECOGNITION RATE ON CMU PIE DATABASE

[ number ¢t 8 | 4 [ 3 [ 2 |
LRC [15] 94.04+0.21 | 76.8+£2.40 | 66.64+2.23 | 49.6+£1.65
SRC [16] 96.2+0.44 | 92.1+0.42 | 87.940.72 | 82.4+0.90
GL [65] 95.840.29 | 92.14+0.53 | 87.84£0.75 | 82.7+1.04
CSR 96.4+0.15 | 93.3+0.52 | 89.840.71 | 85.3+0.73
LRC-P [15] 89.740.20 | 75.2£1.59 | 69.3+£0.37 | 64.9+4.04
SRC-P [16] 94.740.05 | 90.5+£0.42 | 86.54+0.21 82.440.90
WGSR [45] | 95.740.11 | 92.3+0.40 | 87.34+0.30 | 81.041.20
GL-CP 96.0+0.18 | 92.440.23 | 88.240.02 | 84.5+0.96
CSR-CP 96.7+0.14 | 94.2+0.18 | 90.3+0.24 | 88.0+0.70

to the limited discriminative information of each patch, the
proposed CSR-CP and GL-CP consistently outperform their
corresponding holistic versions. For all number of training
data, the proposed CSR-CP and CSR perform as the top 2
approaches.

B. Face Recognition With Occluded Training Samples

This subsection tests the effectiveness of various approaches
on training data with disguise.

Experiment 5: for each subject of AR database, all 6 dis-
guised face images (i.e., the second row of Fig. 6) from
Session 1 are used for training and 8 face images with
illumination variations (i.e., the 1st, 5th, 6th, and 7th samples
of the first row of Fig. 6) from both Session 1 and Session 2 are
used for testing. Table. III details the performances of various
methods in this scenario. The proposed CSR significantly
outperforms SRC with the accuracy gain of 9% while that of
GL is only 5.4%. The proposed CSR-CP achieves the accuracy
gain of 8.1% from SRC-P.

The running time of each approach is evaluated under
the Matlab programming environment and on a desktop of
3.5GHZ CPU with 16G RAM. It is 0.02s for LRC and
LRC-P, 0.12s for GL, 0.34s for SRC, 0.32s for SRC-P, 0.46s
for WGSR, 0.88s for GL-CP, 6.65s for CSR and 19.47s for
CSR-CP.

Experiment 6: for each subject of AR database,
t (6, 5, 4, 3) facial images are randomly selected from all
13 images of Session 1 for training, and all 13 samples
from Session 2 are used for testing. With each ¢, we repeat
this procedure 10 times and record the averaged results and
standard deviations in Table IV. It should be noted that
the testing data of every subject have two different disguise
types, both of which could be absent in its training data but
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TABLE III
RECOGNITION RATE ON AR DATABASE WITH ONLY DISGUISED TRAINING SAMPLES

LRC [15] | SRC[16] | GL [65] | CSR | LRC-P [15] | SRC-P [16] | WGSR [45] | GL-CP | CSR-CP
59.2% 83.1% 885% | 92.1% | 75.7% 88.7% 86.2% 93.7% | 96.8%
TABLE IV

RECOGNITION RATE ON DISGUISED AR FACE DATABASE

| number ¢ | 6 | 5 | 4 K |
LRC [15] 48.8+0.46 | 44.8+1.51 36.7+0.73 | 27.840.50
SRC [16] 78.4+1.54 | 74.5£0.23 | 69.04+0.59 | 59.9+1.43
GL [65] 81.74+1.22 | 79.0+0.15 | 72.7£0.69 | 65.3+0.96
CSR 87.44+1.31 | 83.740.77 | 80.040.98 | 72.6+1.22
LRC-P [15] | 58.940.70 | 582+0.13 | 47.813.43 | 46.510.89
SRC-P [16] 79.74+0.31 74.841.50 | 69.9+£0.90 | 60.64+1.77
WGSR [45] | 81.740.53 | 78.6+1.13 | 73.7+0.88 | 64.94+1.50
GL-CP 82.54+0.93 | 79.3+1.01 | 75.440.84 | 69.840.64
CSR-CP 90.4+1.10 | 88.3+0.99 | 84.240.74 | 78.9+1.17
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Fig. 11. Face samples partitioned into different numbers of patch. (a) 2 x 2;
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Fig. 12. Recognition rate on AR database with different numbers of patch.

could present in some other subjects. Table IV shows that
GL visibly outperforms SRC. Much more significant gains
over SRC are achieved by the proposed CSR. The performance
of SRC-P is slightly better than that of SRC in this challenge
scenario. However, by employing the proposed collaborative
patch scheme, the accuracies of both proposed GL-CP and
CSR-CP are visibly better than their corresponding holistic
ones in all number of training data. The proposed CSR-CP
again outperforms the others consistently. The accuracy gain
over SRC-P reaches 18.3% at t = 3.

C. Face Recognition With Different Patch Numbers

This subsection tests the effectiveness of various approaches
with different number of patch L. The images are partitioned
into L patches, here L is set to 4 (2 x2),6 (3 x2), 8 (4 x2),
10 (5 x 2), or 12 (6 x 2) as shown in Fig. 11.

Experiment 7: the data setting of Experiments 6 with 4
training samples is used to test various patch based approaches
with different number of patch. Fig. 12 plots the perfor-
mances of averaged results and standard deviations of 10 runs.
It shows that the results of SRC-P and LRC-P vary visibly
as the number of patch increases. SRC-P delivers recognition
rates ranging from 63.3% to 72.4%, while the performance of
LRC-P is from 45.5% to 51.9%. The approaches employing
relations between patches are less sensitive to the number of
patch. The difference of maximum and minimum accuracies
of WGSR, the proposed GL-CP and CSR-CP are 2.24%,
3.16% and 1.78%, respectively. Fig. 12 also demonstrates
that the proposed CSR-CP significantly outperforms all other
algorithms consistently for all numbers of patch.

V. CONCLUSION

SRC considers the image classification problem as a sparse
linear representation of the query image. Ideally, all significant
representation coefficients should be associated to the correct
class. However, as images of different classes could be similar
and correlated, the sample-wise sparse representation that
ignores the identity information of training samples tends
to employ training samples of many subjects. This results
in misclassification. GL attempts to solve this problem by
minimizing the so-called /> 1-norm of the representation coef-
ficients. Although the minimization of the /;-norm component
leads to a group sparsity, the minimization of the /;-norm
component may result in the attained representation deviating
from the desired solution as the optimal representation by
training samples of the correct subject may not necessarily
be dense. The proposed CSR alleviates the problems of
SRC and GL. It seeks an optimum representation of the query
image by minimizing the number of selected classes of training
data.

Patch based approaches are effective to handle the corrupted
images and extreme image variations at a price of reducing
the discriminative information in the training data. Different
from the conventional patch based methods that optimize each
patch separately, the proposed CSR-CP approach optimizes
all patches together to seek a collaborative patch group-
wise sparse representation. It inherits the merits of the patch
based approaches in dealing with the corrupted or extremely
variate images and alleviates their problems in reducing the
discriminative information. As a result, a more reliable and
discriminative representation is achieved by the proposed
CSR-CP method. Extensive experiments on several benchmark
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databases verify the merits and significance of the proposed
CSR-CP approach.
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